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In heterogeneous materials, inhomogeneities (pores, cracks, particles) usually represent a mixture of
diverse shapes. In modeling the effective elastic and conductive properties, they are often replaced by
identical spheroidal shapes – for which exact solutions are available – that intend to represent certain
‘‘average shape’’ (for cracks, for example, the circular shape is routinely used). We ﬁnd that, in anisotropic
cases of non-random orientations, such a replacement cannot generally be done (with the exception of
ﬂat cracks). In other words, the concept of ‘‘average spheroid’ is not legitimate, and its use may lead to
large errors in predicting the effective properties – information on shape distribution is needed. In cases
of overall isotropy, the replacement is possible in certain cases; even in these cases, however, the aspect
ratio of the ‘‘average shape’’ may not be intuitively obvious.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Inhomogeneities (pores, particles, cracks) in heterogeneous
materials often have diverse shapes (Fig.1). On the other hand, in
modeling the effective properties, the inhomogeneities are often
assumed to have simpliﬁed identical shapes (see, for example,
Leigh and Berndt, 1999, Kouzeli et al., 2001; Weber et al., 2003);
cracks of the circular shape; elliptical cracks of identical aspect ra-
tios (Budiansky and O’Connell, 1976). These identical shapes in-
tend to represent certain ‘‘average shape’’, without discussing its
relation to actual microstructure. In fact, however, it is unclear
whether the very concept of ‘‘average shape’’ is legitimate, i.e.
whether a mixture of diverse shapes can be replaced, from the
viewpoint of effective properties, by inhomogeneities of certain
‘‘average shape’’. In those special cases when this can be done, it
may be unclear what this ‘‘average shape’’ is.
A related aspect is the identiﬁcation of themicrostructural infor-
mation that can be extracted from the effective properties (for
example, from wavespeed data; see the discussion of Sevostianov
et al., 2001). For instance, for cracked materials (such as rocks) it
is the crack density; however, its very deﬁnition (Bristow, 1960) as-
sumes that all cracks have the circular shape; the extension to ellip-
tical cracks (Budiansky and O’Connell, 1976) assumes that all the
ellipses have identical aspect ratios. Since these assumptions mayll rights reserved.
v), mark.kachanov@tufts.edunot reﬂect reality, it is unclear what information is actually ex-
tracted. For porousmaterials, extraction of information on the over-
all porosity usually assumes that pores are either spherical or
spheroidal (of identical aspect ratios); shape diversity in actual
microstructures makes this information uncertain.
The concept of ‘‘average shapes’’ is physical property-speciﬁc. For
example, it is generally different for the properties characterized
by fourth-rank tensors (such as elasticity) and by second-rank ten-
sors (such as conductivity). These issues are not trivial, as shown
on a simple example of 2-D elliptical holes of diverse aspect ratios
(Section 2): the ‘‘average shape’’ for diverse ellipses may not be
elliptical; in those special cases when it is an ellipse, its aspect ratio
is not obvious; a complicating factor is that the effect of shapes is
coupled with the orientation distribution. We examine these issues
by using the concept of the compliance (or stiffness), and resistiv-
ity (or conductivity) contribution tensors of an inhomogeneity that
characterize its contribution to the said properties (see Kachanov
and Sevostianov, 2005). The importance of these property contri-
bution tensors is that it is them that have to be summed up (aver-
aged) to obtain the effective properties.
In the context of the elastic properties, we consider a matrix
containing an inhomogeneity of volume V. Its contribution to
the average, over representative volume V strain (the extra average
strain, as compared to the case of the homogeneous matrix) is gi-
ven by its fourth-rank compliance contribution tensor H:
De ¼ V

V
H : r1or; incomponents;Deij ¼ V

V
Hijklr1kl ð1:1Þ
Fig. 1. Diversity of pore shapes in: (a) sintered hydroxyapatite (from Prokopiev and Sevostianov, 2006a); (b) closed-cell aluminum foam (from Sevostianov et al., 2006); (c)
yttrium-stabilized zirconia plasma-sprayed coating (from Sevostianov et al., 2004); (d) bovine cortical bone.
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inhomogeneity, would have been uniform within its site, as
required by the homogeneous boundary conditions, Hill (1963),
Hashin, 1983). The normalizing factor V=V ensures that H is size-
independent (in 2-D cases, volumes change to areas,
V=V ! A=AÞ. Thus, H characterizes the compliance contribution
of an inhomogeneity of unit volume as a function of its shape.
Remark. The above deﬁnition of the H-tensor that refers to an
inhomogeneity of unit volume differs, as far as the normalizing
multiplier is concerned, given in several earlier works of the pres-
ent authors. We note in this regard that, in the limiting case of
cracks, some of the components Hijkl become inﬁnite; however
the products VHijkl remain ﬁnite and give rise the crack density
parameters.
Similarly, the stiffness contribution tensor N, dual to H, can be
introduced as
Dr ¼ V

V
N : e1 ð1:2Þ
where e1 is the externally applied strain. The H- and N-tensors are
interrelated by the equation N ¼ C0 : H : C0 where S0 and C0 are
the compliance and stiffness tensors of the matrix. Note that, in
contrast with the compliance/stiffness tensors of a material, the
H- and N-tensors are not inverses of one another but are propor-
tional. For an ellipsoidal inhomogeneity, H -tensor is expressed in
terms of Eshelby’s tensor s:
H ¼ S  S0
 1
þ C0 : J  sð Þ
 1
ð1:3Þ
where J is a fourth rank unit tensor: Jijkl ¼ 1=2 dikdjl þ dildjk
 
. For
non-ellipsoidal shapes, a link between H (or NÞ and Eshelby’s tensor
cannot be established.
The extra compliance (or stiffness) due to multiple inhomoge-
neities is given by a sum (that can be replaced by integration over
orientations if computationally convenient)
DS ¼ 1
V
X
VHð Þ kð Þ ¼
X
pkH
kð ÞorDC ¼
X
pkN
kð Þ ð1:4Þwhere pk is the partial volume fraction of the kth inhomogeneity.
This representation covers, in a uniﬁed way, various mixtures of
inhomogeneities of diverse shapes and orientations.
Remark: property contribution tensors are rooted in the non-inter-
action approximation (NIA). Contributions of individual inhomoge-
neities to the effective property are affected by interactions
between them. Strictly speaking, interactions should be reﬂected
in the property contribution tensors making them dependent on
mutual positions of inhomogeneities. However, this would amount
to solving the interaction problem. Therefore, effective properties
are commonly expressed in terms of microstructural parameters
that ignore the interactions, treating inhomogeneities as isolated
ones. Although this approach – expressing effective properties
with the account of interactions, in terms of a parameter that does
not reﬂect them – is not fully logical beyond the NIA, it is the only
practical one. It is also adequate in various approximate schemes
using the NIA as the basic building block (by placing inhomogene-
ities treated as isolated ones into some ‘‘effective’’ environment –
effective matrix, as in the differential or self-consistent schemes,
or effective ﬁeld, as in the Mori–Tanaka’s scheme).
The problem of effective elastic properties can be formulated in
terms of the elastic potential in stresses f rð Þ, with effective compli-
ances Sijkl obtained by differentiation, eij ¼ Sijklrkl ¼ @f=@rij. Repre-
senting f rð Þ as a sum f ¼ f0 þ Df where f0 is the potential in
absence of inhomogeneities (f0 ¼ 1=2E0ð Þ 1þ m0ð Þr : r m0 trrð Þ2
h i
in the case of the isotropic matrix) we reduce the problem to ﬁnd-
ing the potential change Df due to inhomogeneities,
Df ¼ r :
X
pkH
kð Þ : r ð1:5Þ
where, in the NIA limit, H kð Þcorrespond to isolated (non-interacting)
inhomogeneities (otherwise, they would have to reﬂect interactions
and depend on mutual positions of inhomogeneities). The represen-
tation in terms of potentials may lead to various simpliﬁcations,
such as the possibility to express the sum in (1.5) in terms of a sec-
ond-rank tensor (see Section 3).
In the case of inhomogeneities having identical compliance con-
tribution tensors, H kð Þ ¼ H we have
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where p ¼Ppk denotes, hereafter, the volume fraction of
inhomogeneities.
For a general mixture of diverse shapes that is elastically isotro-
pic,
P
pkH
kð Þ is an isotropic fourth-rank tensor (possessing the
usual symmetries of the tensor of elastic constants); as such, it is
expressed in terms of two independent constants. This translates
into the following relations for the effective elastic constants (the
bulk, Young’s and shear moduli, correspondingly):
K ¼ K0
1þPpkAk ; E ¼ E01þPpkBk G ¼ G01þPpkCk ð1:7Þ
where Ak; Bk and Ck are shape factors of the kth inhomogeneity,
with respect to its bulk-, uniaxial and shear compliance contribu-
tions. Generally, Ak – Bk – Ck: the effect of shapes on different elas-
tic constants may be different.
Similar concepts can be introduced in the context of the thermal
(or electric) conductivity (or other effective properties). Assuming
a linear conduction law (linear relation between far-ﬁeld tempera-
ture gradient G and the average over representative volume V heat
ﬂux vector U) and homogeneous boundary conditions (U would
have been uniform in V in absence of the inhomogeneity), the
change in G required to maintain the same U when the inhomoge-
neity is introduced is a linear function of U:
DG ¼ V

V
HR  U ð1:8Þ
where HR is symmetric second-rank tensor resistivity contribution
tensor of an inhomogeneity. In a dual form,
DU ¼ V

V
HC  G ð1:9Þ
where HC ¼ K0  HR  K0 is the conductivity contribution tensor of an
inhomogeneity; K0 is the conductivity tensor of the matrix material.
In similarity to the elasticity problem, for the ellipsoidal inhomoge-
neity HC (or HRÞ are expressed in terms of the (second-rank) Eshel-
by’s tensor sC for conductivity,
HC ¼ K  K0
 1
þ R0  I  sC  1 ð1:10Þ
where I is the second-rank unit tensor. For non-ellipsoidal shapes
such a link cannot be established. The resistivity (or conductivity)
change due to multiple inhomogeneities is given by the sum
DR ¼
X
pkH
R kð Þ or DK ¼
X
pkH
C kð Þ ð1:11Þ
In the case of inhomogeneities having identical resistivity contribu-
tion tensors (in addition to identical shapes, this covers shapes that
may be somewhat diverse; for example, a sphere and all equilateral
polyhedra have the same resistivity contributions), we have rela-
tions similar to (1.6) for elasticity:
DR ¼ pHRandDK ¼ pHC ð1:12Þ
The sums (1.4) and (1.11) depend on the following factors:
 Physical properties (elastic, conductive) of the matrix and of the
inhomogeneities;
 Shapes of inhomogeneities;
 Their volume fraction.
In the text to follow, we assume the properties of the constitu-
ents to be known, and focus on shape dependence of the sums.2. General considerations
Formally, the problem of replacement of a set of diverse inho-
mogeneities by ones of identical, ‘‘average’’, shape – that would
produce the same contribution to the effective properties – reduces
to the equation for the H-tensor of the replacement shape
pH ¼
X
pkH
kð Þ ð2:1Þ
where p is the volume fraction of the replacement shape. We im-
pose the condition that the relation
p ¼
X
pk ð2:2Þ
holds since
P
pk is often experimentally known (for example, from
the speciﬁc weight data), and we require that this data are not dis-
torted in the replacement. Then, if H kð Þ-tensors of the original set are
known, H-tensor of the replacement shape is identiﬁed as
H ¼ 1
p
X
pkH
kð Þ ð2:3Þ
However, it is unclear what shape, geometrically, corresponds to
thus deﬁned H. Moreover, it is not even obvious that it always ex-
ists. Note that this formula requires full knowledge of the H-tensors
of the original inhomogeneities and their partial volume fractions.
The general expression for H does not fully address materials
science needs that call for an ‘‘average shape’’ that would be sufﬁ-
ciently simple (so that quantitative results are available for it) and,
at the same time, identiﬁable from available microstructural infor-
mation. The latter, besides the volume fraction of inhomogeneities,
often has the form of 2-D images. Such images may produce esti-
mates of the oblate or prolate character of the shapes, but no fur-
ther reliable information; correspondingly, these shapes can be
characterized by spheroids (ellipsoids of revolution). As discussed
in Section 5, the spheroidal shapes appear to be sufﬁcient for mod-
eling of a variety of diverse microgeometries. This motivates one to
look for an ‘‘average shape’’ that is a spheroid. Thus, the problem
reduces to identifying the best-ﬁt aspect ratio of the ‘‘average
spheroid’’. It would be particularly attractive if this aspect ratio
could be identiﬁed on intuitive grounds (say, as arithmetic average
of the ones of the original shapes).
In cases of overall anisotropy (non-random orientations of inho-
mogeneities), we impose the requirement that, in addition to vol-
ume fraction, the orientation distribution of the original set of
inhomogeneities – that can often be estimated from 2-D images
– is also preserved, when replacing it by a distribution of the ‘‘aver-
age shapes’’. An alternative – treating the orientation distribution
as an adjustable function – would defeat the physically meaningful
constraint that the available data are not distorted in the
replacement.
In examining these issues, we ﬁrst consider a 2-D example of a
mixture of diverse elliptical holes. This simple example sheds light
on the basic issues encountered in attempts to identify ‘‘average
shapes’’.
3. Example: 2-D elliptical holes of diverse eccentricities
We ﬁrst consider the non-interaction approximation (NIA). Uti-
lizing results of Kachanov et al. (1994), the compliance contribu-
tion tensor of an elliptical hole, with axes 2a and 2b (aspect ratio
c ¼ b=a 6 1) and unit vectors m, n along them, is
H ¼ 1
abE0
a 2aþ bð Þnnnnþ b 2bþ að Þmmmm½
þ aþ bð Þ
2
2
mnþ nmð Þ mnþ nmð Þ  ab nnmmþmmnnð Þ
#
ð3:1Þ
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multiple holes (of diverse orientations, aspect ratios and sizes)
according to (1.5) yields the following representation in terms of
a second-rank hole concentration tensor b and a scalar – area frac-
tion p:
Df ¼ 1
2E0
2r : r trrð Þ2
h i
pþ 2 r  rð Þ : b
n o
ð3:2Þ
where
b ¼ pA
X
k
a2knnþ b2kmm
 
p ¼ pA
X
k
akbk
9>>=
>; ð3:3Þ
thus identifying b; pð Þ as the proper microstructural parameters.
They are ‘‘proper’’ in the sense that they are dictated by the struc-
ture of the potential; an attempt to use some other concentration
parameters would result in the effective properties being non-un-
ique functions of them. In the limit of cracks (bk ¼ 0Þ, p ¼ 0 and b
becomes 2-D crack density tensor; note that no degeneracies
emerge in this limit. In the case of circles, b ¼ pI (I is the 2-D unit
tensor) and p is the sole microstructural parameter. The representa-
tion (3.3) covers all mixtures of diverse ellipses in a uniﬁed way.
Since the effective properties are controlled by b and p, they should
be preserved in replacements by identical (‘‘average’’) shapes.
Since b is a symmetric second-rank tensor, any orientation dis-
tribution of ellipses possesses the orthotropic symmetry of the
elastic properties (coaxial with the principal axes n; m of bÞ, even
in cases when geometrically the distribution of ellipses does not
have the rectangular symmetry. However, the representation in
the principal axes b ¼ bInnþ bII m m does notmean that the original
set of ellipses is equivalent, in its effect on elastic properties, to a
family of parallel ellipses (as may seem to be suggested by this rep-
resentation) since the area fraction will not be preserved in this
representation. Moreover, the conservation of p prohibits replacing
parallel ellipses of diverse aspect ratios by parallel identical ones,
i.e. replacing
P
a2k ! Na2,
P
b2k ! Nb2 since Npab– q
P
pakbk.
Remark. The constraint of conservation of p is absent in the case
of cracks (p ¼ 0Þ. As a result, replacements leaving the crack den-
sity tensor unchanged – such as replacing any 2-D set of cracks
by two orthogonal families of parallel cracks – are legitimate.
In the isotropic case of randomly oriented ellipses,
b ¼ p=2Að ÞP a2k þ b2k I and Df can be expressed in terms of two
scalars: area fraction p and the average eccentricity
q ¼ 1
A
p
X
k
ak  bkð Þ2 ð3:4Þ
that characterizes, in an integral way, the deviations of ellipses from
circles, as follows:
Df ¼ 1
2E0
4pþ qð Þr : r p trrð Þ2
h i
ð3:5Þ
In the limit of cracks (bk ¼ 0Þ, q=p becomes the 2-D scalar crack
density. The effective Young’s and bulk moduli are given by
E ¼ E0
1þ 3pþ q ; K ¼
K0
1þ 2pþ qð Þ= 1 m0ð Þ ð3:6Þ
where 2-D elastic moduli E0 and m0 coincide with 3-D ones for plane
stress; in the case of plane strain, E0 and m0 are obtained from 3-D
ones by dividing the latter over 1 m2  and 1 mð Þ, respectively,
where m is 3-D Poisson’s ratio; the 2-D bulk modulus K0 is related
to 2-D constants E0 and m0 by K0 ¼ E0= 2 2m0ð Þ.
Remark. Formulas (3.6) imply that, if one wishes to plot E or K as
functions of a single microstructural parameter, the latter must be
different for the two moduli: 3pþ q and 2pþ q, respectively(choosing other arguments would make the moduli non-unique
functions of them).
Formulas above for E and K are reconciled with the general iso-
tropic structure (1.7) by identifying the shape factors
Ak ¼ 1 m0ð Þ1 ck þ c1k
 |ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}Ck ; Bk ¼ 1þ Ck ð3:7Þ
so that contributions of an ellipse to both the uniaxial and the bulk
compliances are controlled by the shape factor C that is minimal at
c ¼ 1 indicating that, of all ellipses of a given area, circles produce
the minimal effect.
We now examine the possibility to match an isotropic mixture of
arbitrary shapes by randomly oriented ellipses of an appropriately
chosen identical aspect ratio c. With the account of (1.7) and
(3.7) the following two conditions must be satisﬁed:
pC ¼
X
pkAk; p Cþ 1
  ¼X pkBk ð3:8Þ
These two equations for C ¼ cþ c1 are generally incompatible and
the matching cannot be done. However, in the special case of ran-
domly oriented diverse ellipses characterized by parameters q; p
the above equations take the form
pC ¼
X
pkCk; p Cþ 1
  ¼X pk Ck þ 1ð Þ ð3:9Þ
i.e. they coincide. In this case, matching by ellipses of aspect ratio c
is possible, by setting C ¼ 1=pð ÞP pkCk ¼ 2þ k where k ¼ q=p so
that
c 
b
a
¼ 1þ k
2
 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 þ 4k
q
ð3:10Þ
Dependence of c on k is illustrated in Fig. 2. Thus, the replacement
shape is not intuitively obvious: c is different from the arithmetic
average ch i and the difference depends on the extent of diversity
of aspect ratios in the original mixture (Fig.3. In the case of maximal
contrast – a mixture of equal number of circles (c ¼ 1Þ and cracks
(c ¼ 0Þ having the same semiaxis a – we have p ¼ q ¼ pa2  so that
c ¼ 0:38 whereas ch i ¼ 0:50 – a substantial difference. In less ex-
treme cases, however, the difference may be small, and intuition-
suggested ch i can be used: for example, for a mixture of ellipses
of aspect ratios c ¼ 1=3 and c ¼ 2=3 we have ceff ¼ 0:48 whereas
ch i ¼ 0:50.
We now consider an anisotropic set of diverse parallel ellipses,
and examine whether it can be replaced by a distribution of paral-
lel ellipses of identical aspect ratios. For the original set of ellipses,
we have
b ¼ p
A
X
a2k
 
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
b1
nnþ p
A
X
b2k
 
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
b2
mm ð3:11Þ
This tensor can be matched by a distribution of N parallel ellipses of
identical aspect ratios c ¼ b=a by choosing their axes 2a and 2b from
the conditions Na2 ¼P a2, Nb2 ¼P b2. However, the 2-D volume
fraction – the second parameter in (3.3) – will not, generally, be
matched: the requirement p=Að ÞNab ¼ p may not be satisﬁed.
Thus, in the simplest case of non-random orientations - a family
of parallel diverse ellipses – the latter cannot be replaced by ellip-
ses of certain ‘‘average shape’’ if porosity is to be preserved. In
other words, the ‘‘average shape’’ for parallel diverse ellipses is
not an ellipse (its compliance contribution tensor is given by
(2.3) and it is not easily visualized). Hence the concept of average
shape fails in anisotropic cases, even in the case of the simplest
shape – an ellipse.
We explore whether the concept of ‘‘average shape’’ can be used
as an approximate one in the example above. We seek to replace
the original set by ellipses of identical aspect ratio c chosen to min-
imize the error of the replacement, and subject to the constraint
Fig. 2. Randomly oriented diverse ellipses: aspect ratio of the best-ﬁt ellipse as a function of k ¼ p=q.
Fig. 3. The difference between the best-ﬁt aspect ratio and the arithmetic average of individual aspect ratios (two families of ellipses, with aspect ratios c1 and c2).
Fig. 4. (a) Best-ﬁt ‘‘average ellipse’’ (aspect ratio c) for parallel ellipses of diverse
aspect ratios; b1; b2 are the principal values of tensor b; (b) Error generated by
replacing the original set of ellipses by randomly oriented best-ﬁt ‘‘average
ellipses’’.
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P
ab ¼ p is preserved. We approximate the
original set by N identical elliptical holes parallel to n; m, with axes
2a and 2b and c ¼ b=a < 1.
Minimizing the Euclidean norm of the difference between
expressions (3.2) corresponding to b and to b ¼ Na2nnþ Nb2mm,
while preserving porosity p ¼ Npabmeans minimizing the expres-
sion b1  c1p=p
 2 þ b2  cp=pð Þ2 with respect to c. This yields the
fourth-order algebraic equation
c4  Ac3 þ Bc 1 ¼ 0 ð3:12Þ
where A ¼ b2p=p and B ¼ b1p=p. Fig. 4a shows the best-ﬁt c. The
relative error estimated by the Euclidean norm
d ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c1  Að Þ2 þ c Bð Þ2
A2 þ B2
s
ð3:13Þ
is shown in Fig. 4b. Fig. 5 provides an example of parallel ellipses of
identical aspect ratios, with half of them rotated 90 with respect to
another half; the error of the approximation rapidly increases as the
aspect ratio of the ellipses decreases. The corresponding error in
energies i.e. the difference Df  Df ¼ 1=E0ð Þ r  rð Þ : b b
 
, can be
estimated by the ratio
R ¼
Df  Df



 



Df
¼ 2 b1  Na
2
 
r2nn þ r2nm
 þ b2  Nb2  r2mm þ r2nm 

 


2r : r trrð Þ2
h i
pþ 2 b1 r2nn þ r2nmð Þ þ b2 r2mm þ r2nmð Þ½ 
ð3:14Þ
where r;nn r
;
mm r nm are the applied stresses. The value of R depends
on these stresses. For example, in the case of the hydrostatic loading
(r¼nnr mm; r nm ¼ 0Þ we have R ¼ pp
cþc1
b1þb2  1



 


; in the case uniaxial
loading (r mm ¼ 0 r nm ¼ 0Þ, R ¼ 2
cppb1j j
pþ2b1 ; in both cases, the error
can be large.
Fig. 5. Error generated by replacing two families of identical ellipses rotated over 900 with respect to one another by circles.
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same effect as the original diverse parallel ellipses if one gives up
one of the two constraints: (1) the volume fraction is preserved,
or (2) the orientation distribution is preserved (by allowing orien-
tation scatter). However, removing these constraints would mean
altering the data that may be known experimentally, thus defeat-
ing the physical motivation for the replacement.
Non-elliptical 2-D holes. We now examine some non-elliptical
holes, in particular, the polygonal ones. Analysis of compliances
of non-elliptical holes was started, probably, by Zimmerman
(1986). We use results of the analysis-in-detail of Kachanov et al.
(1994). They considered a mixture of diverse polygonal holes and
showed, in particular, that if the mixture is isotropic, the elastic po-
tential change due to holes has the form
Df ¼ 1
E0
1
A
X
Sh3ð Þ kð Þr : r 1A
X
Sh2ð Þ kð Þ trrð Þ2
 
ð3:15Þ
where A is the reference area, h3,h2 are shape factors of the polygons
and S kð Þ are their areas. For the shapes of the triangular symmetry
(that may be convex or concave), h2 equals 1=2 (exactly or approx-
imately) whereas h3 depends on the extent of concavity; for other
polygonal shapes, both h3 and h2 vary substantially. If h2 ¼ 1=2
the sum in the second term of (3.15) equals the area fraction p;
comparison with Df for elliptical holes (3.5) shows that randomly
oriented ellipses provide the match if the eccentricity parameter q
equals 2=Að ÞP Sh3ð Þ kð Þ  4p. This can be realized by ellipses of iden-
tical aspect ratio c satisfying the quadratic equation
c1=2  c1=2 2 ¼ 2=Að ÞP Sh3ð Þ kð Þh i=p 4
Thus, an arbitrary mixture of holes of the triangular type, being
isotropic, can be replaced by a set of randomly oriented ellipses of
appropriately chosen identical aspect ratio. The latter reﬂects the
extent of concavity of triangles, and decreases with increasing con-
cavity (due to higher compliance of concave triangles, at a given
area fraction). The replacement is possible only for the shapes of
the triangular type; other shapes cannot be replaced by ellipses
(whether they are identical or diverse) provided porosity is
preserved.
Anisotropic mixtures of polygons – as well as shapes of more
general character – require characterization by fourth (rather than
second, as in the case of ellipses) rank tensors, and matching by
ellipses of identical aspect ratios is generally impossible (note that
this statement holds even if ellipses are allowed to be diverse).
4. Implications for general shapes
The general conclusion inferred from the analysis above is that
the effect of a mixture of diverse shapes on the elastic properties
cannot be matched by a set of identical (‘‘average’’) shapes of the
spheroidal (elliptical, in 2-D cases) type, provided the volume frac-
tion of the original set is preserved. This is explained by insufﬁcientnumber of parameters available for the matching. More
speciﬁcally,
 For anisotropic mixtures of diverse inhomogeneities, the con-
cept of ‘‘average shape’’ is not generally legitimate, even if the
inhomogeneities are ellipses (spheroids) of diverse aspect
ratios. In other words, the ‘‘average shape’’ for diverse ellipses
(spheroids) is not an ellipse (spheroid). Viewed as an approxi-
mation, the concept of ‘‘average ellipse’’ is a poor one: the
best-ﬁt ‘‘average ellipse’’ may yield errors up to 80–100% in pre-
dicting the effective properties, if shape diversity is substantial;
 For isotropic mixtures of arbitrary shapes, randomly oriented
ellipses cannot, generally, serve as a replacement set. An isotro-
pic mixture of diverse ellipses is an exception: the equivalent
‘‘average shape’’ is an ellipse; however, its aspect ratio is not
intuitively obvious – it differs from the arithmetic average of
aspect ratios.
Thus, to avoid large errors in predicting the effective properties,
the distribution of shapes must be a necessary part of quantitative
characterization of microstructures. It enters via its integral char-
acteristics that are coupled with the orientation distribution. For
2-D elliptical holes, they are the principal values of tensor b. For
the shapes characterized by fourth-rank tensors, the mentioned
characteristics are given by somewhat lengthier formulas.
The irreducibility to spheroids points to insufﬁciency of Eshelby
results for the ellipsoidal shapes, and to the importance of building
a sufﬁcient library of H-tensors for non-ellipsoidal, ‘‘irregular’’
shapes relevant for various applications. In the 2-D setting, H-ten-
sors can be obtained for almost any shape by complex variables
techniques, see the pioneering work of Zimmerman (1986) and la-
ter works of Jasiuk et al. (1994), Kachanov et al. (1994), Tsukrov
and Novak (2002), Tsukrov and Novak (2004), Eroshkin and Tsuk-
rov (2005), and Ekneligoda et al. (2006, 2008). Certain progress has
been made for 3-D shapes; see results of Prokopiev and Sevostia-
nov (2007), Drach et al. (2011) and, for 3-D cracks of complex
shapes, Sevostianov and Kachanov (2002a) and Mear et al.
(2007). Further analyses are deﬁnitely needed.
Remark. Our conclusions have been reached in the non-interac-
tion limit whereby mutual positions of inhomogeneities do not
matter. They are mostly of negative character: an ‘‘average shape’’,
as a rule, cannot be identiﬁed. These negative conclusions obvi-
ously hold if interactions are taken into account so that shape ef-
fects are coupled with the effect of mutual positions. In the
special case of randomly oriented diverse ellipses when the aver-
age shape is an ellipse, its aspect ratio may no longer be given by
the relation (3.10) if interactions are taken into account. However,
the conclusions reached in the NIA remain valid if interactions are
accounted for in the framework of one of the commonly used
approximate schemes that use the NIA as a basic building block
(by placing non-interacting inhomogeneities into effective matrix,
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differential scheme (Zimmerman, 1991), or effective ﬁeld, such as
Mori–Tanaka’s (Mori and Tanaka, 1973) or Kanaun–Levin’s (see re-
view of Kanaun and Levin, 1994) schemes.
5. Three dimensional cases
We explore the possibilities to replace 3-D pores of diverse
shapes by spheroids of identical aspect ratios. The H- tensor of a
spheroidal pore (x3 is the axis of symmetry) has the following com-
ponents (Sevostianov and Kachanov, 1999)
G0 H1111 þ H1122ð Þ ¼ j f0  f1ð Þ4j 1ð Þ 2j f0  f1ð Þ  4j 1ð Þf 20
  ;
G0 H1111  H1122ð Þ ¼ 12 1 2f 0 þ j f0  f1ð Þ½ 
;
G0H1133 ¼  2j f0 þ f1ð Þ  f0ð Þ4 4j 1ð Þ 2j f0  f1ð Þ  4j 1ð Þf 20
  ;
G0H1313 ¼ 14 f0 þ 4jf1½  ;
G0H3333 ¼ 4j 1 6jf0 þ 2f 0  2jf14 4j 1ð Þ 2j f0  f1ð Þ  4j 1ð Þf 20
  ð5:1Þ
where
j¼ 1
2 1m0ð Þ ; f 0¼
c2 1gð Þ
2 c21ð Þ ; f 1¼
c2
4 c21ð Þ2
2c2þ1 g3  ð5:2Þ
and the shape factor g is expressed in terms of the aspect ratio c as
follows
g cð Þ ¼
1
c
ﬃﬃﬃﬃﬃﬃﬃﬃ
1c2
p arctan
ﬃﬃﬃﬃﬃﬃﬃﬃ
1c2
p
c ; oblateshape c < 1ð Þ
1
2c
ﬃﬃﬃﬃﬃﬃﬃﬃ
c21
p ln cþ
ﬃﬃﬃﬃﬃﬃﬃﬃ
c21
p
c
ﬃﬃﬃﬃﬃﬃﬃﬃ
c21
p ; prolateshape c > 1ð Þ
8><
>>: ð5:3Þ
Components of the compliance contribution tensor of a spheroidal
pore, as functions of the aspect ratio, are plotted in Fig. 6.
As implied by the 2-D example of elliptical pores, replacement
by identical spheroids becomes questionable in anisotropic cases
of non-random orientation of pores, whereas it may be possible –Fig. 6. Components of the compliance contribution tensor of a spheroidal pore (x3 is the sexactly or approximately – in cases of overall isotropy. Therefore,
our primary focus will be on the isotropic mixtures of pores of di-
verse shapes.
Isotropic mixtures of arbitrary shapes. There are three parameters
to match: two effective elastic constants and the volume fraction.
In analogy to the 2-D case of ellipses, randomly oriented spheroids
of identical aspect ratios would not be sufﬁcient for the matching
since they do not provide a sufﬁcient number of parameters (one
aspect ratio). Randomly oriented identical ellipsoids, however, will
be sufﬁcient since they provide two aspect ratios. Note, however,
that the mentioned aspect ratios cannot be quantitatively related
to non-ellipsoidal geometries of actual inhomogeneities. It points
to the necessity of development of a library of H-tensors for a vari-
ety of irregular shapes of inhomogeneities relevant to speciﬁc
applications.
An insight is given by the universal Hashin–Shtrikman (HS)
bounds (Hashin et al. (1963)) for the bulk and shear moduli. For
a porous material, the lower bounds degenerate whereas the upper
bounds are given by the expressions
K
K0
6 1 p
1 1 pð Þ 1þm03 1m0ð Þ
;
G
G0
6 1 p
1 1 pð Þ 2 45m0ð Þ15 1m0ð Þ
ð5:4Þ
For comparison we consider shape-speciﬁc bounds of Walpole
(1966a,b) for randomly oriented spheroids of identical aspect ratios.
These bounds have the form
E
E0
6 1
1þ p1p A c; m0ð Þ
;
K
K0
6 1
1þ p1p B c; m0ð Þ
;
G
G0
6 1
1þ p1p C c; m0ð Þ
ð5:5Þ
Note that the expressions on the right coincide with Mori–Tanaka’s
approximation (Mori and Tanaka, 1973). Formulas for coefﬁcients
A c; m0ð Þ, B c; m0ð Þ, and C c; m0ð Þ in terms of components of H-tensors
(averaged over orientations) are given in the Appendix. Fig. 7 shows
dependence of these parameters on the aspect ratio of the spheroids
for m0 ¼ 0:33.
An important observation is that coefﬁcients A c; m0ð Þ, B c; m0ð Þ,
and C c; m0ð Þ are, with generally good accuracy, linear functions of
one another, as shown in Fig. 8. More precisely, the accuracy of thisymmetry axis) as functions of the aspect ratio. Poisson’s ratio of the matrix m0 ¼ 0:3.
Fig. 7. Shape factors entering formulas (1.7) as functions of aspect ratio c: (a) Oblate shapes, (b) Prolate shapes.
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case, corresponding to m0 ¼ 0, the error may rich 14%. However, the
accuracy rapidly improves as m0 increases (see insets in Fig. 8): at
m0 ¼ 0:2, the error is below 2%.
Fig. 9 shows that any given point of the domains of values ofG=G0
and K=K0 allowed by H–S bounds belongs to a Walpole bound line
corresponding to certain aspect ratio. However, the porosity values
corresponding to the values of G=G0 and K=K0 may generally be dif-
ferent. Therefore, a given combination of the twomodulimay not be
realized by identical spheroids of any aspect ratio. This point is fur-
ther illustrated in Fig. 10 that shows possible combinations of bulk
and shearmoduli that can be obtained by identical spheroids for dif-
ferent values of m0. The domains between the dashed lines and the
horizontal axes show combinations that obey H–S bounds for an
arbitrary isotropic porous material. It is seen that only small parts
of these domains are realizable by pores of the spheroidal shape.
An important observation is that, in spite of the fact that the do-
main in G K plane allowed by the Walpole bounds is relatively
small compared to the entire domain allowed by H–S bounds
(Fig. 10) it may well be sufﬁcient for many applications. This has
been demonstrated on the examples related to sintered hydroxy-
apatite (Fig. 1a, Prokopiev and Sevostianov, 2006a,b), aluminum
foam (Fig. 1b, Sevostianov et al., 2006), and sandstone (Prokopiev
and Sevostianov, 2007).
We now consider a speciﬁc class of isotropic microstructures
that are formed a mixture of diverse spheroidal pores, and examine
the possibility to replace them by randomly oriented identicalFig. 8. Approximately linear relations between shape factors. The range of values of th
‘‘branches’’ in insets (visible at m0 ¼ 0:1 and indistinguishable at higher values of m0) corre
of spheres and, therefore, coincide with the ones of slightly oblate shapes. As a result th
small intervals as indicated by the branches.spheroids of an appropriately chosen aspect ratio c. Such a replace-
ment requires that the following two conditions are met:
pA cð Þ ¼
X
pkA ckð Þ; pB cð Þ ¼
X
pkB ckð Þ ð5:6Þ
These two equations for c generally may be incompatible. However,
the second equation reduces to the ﬁrst one if B cð Þ is a linear func-
tion of A cð Þ, i.e. if
B cð Þ ¼ mA cð Þ þ b ð5:7Þ
This is indeed the case, as seen from Fig. 8. Hence we have a single
equation for determination of c. In a contrast with a 2-D case of di-
verse ellipses, the solution cannot be given in a simple closed form
such as (3.10); it has to be solved numerically for each particular
distribution over aspect ratios.
Anisotropic mixtures. We start with the simplest orientation dis-
tribution – perfectly parallel spheroidal pores of diverse aspect ra-
tios c. Denoting by n the unit vector along the axis of the transverse
isotropy the overall contribution of the spheroids to the effective
compliance has the following structure:
DS 
X
k
pkH
kð Þ ¼ w1II þw2J þw3 Innþ nnIð Þ
þw4 J  nnþ nn  Jð Þ þw5nnnn ð5:8Þ
where the wi-factors are functions of c and Poisson’s ratio of the
matrix m0; I and J are unit tensors of the second- and fourth ranks,
and
P
pk ¼ p. Matching these ﬁve parameters by parallel spheroidse shape factors corresponds to aspect ratios in the range from 0.01 to 100. Small
spond to the fact that compliances of prolate pores are slightly higher than the ones
e B cð Þversus A cð Þ and C cð Þversus A cð Þ dependencies exhibit non-uniqueness within
Fig. 9. Relation between The upper Hashin–Shtrikman (HS) bound for an isotropic porous material (dashed line) and Walpole (‘‘cluster’’) bounds for randomly oriented
spheroidal pores of various (identical) aspect ratios. The Walpole bounds ﬁll the entire domain below the HS bounds. Note that a given pair of moduli K, G allowed by the HS
bounds may not lie on theWalpole lines for K, G for the same aspect ratio, i.e. this pair may not be realized by identical spheroids (although each of the moduli separately can).
Fig. 10. The domain of possible combinations of the bulk and shear moduli for the isotropic mixture of pores. For the HS bounds that apply to any microgeometry, the entire
domain below the dashed line is allowed. For the Walpole bounds for spheroids, the allowed domain is marked by solid color.
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generally impossible, since only one parameter, the aspect ratio is
available (note that matching by identical ellipsoids remains impos-
sible since one extra aspect ratio would still be insufﬁcient). Note
that, in certain domains of values of c and m0 the expression (5.8)
can be approximately represented in terms of symmetric second-
rank tensor x ¼ 1=Vð ÞP a3nn  kð Þ(Sevostianov and Kachanov,
2002b) so that the last term can be omitted. In such cases, the trans-
verse isotropy is characterized by four independent parameters –
still too many for the matching.
The statement on impossibility of matching by identical spher-
oids or ellipsoids obviously extends to more complex cases of
anisotropy involving larger number of independent elastic
constants.
Cracks of diverse shapes. We examine matching by an equivalent
set of cracks of the circular shape. We are free from the volume
fraction constraint since p is zero for cracks; the conservation of
crack density cannot be imposed, either, since it is deﬁned only
for the circular shapes (Bristow, 1960):q ¼ 1
V
X
k
a kð Þ3 ð5:9Þ
where a kð Þ are crack radii (generalization to ellipses of identical as-
pect ratios given by Budiansky and O’Connell (1976) as
q ¼ 2=pVð ÞP S2=P  kð Þ where S and P are the ellipse’s area and its
perimeter simply means equivalence to circular cracks). These def-
initions for the isotropic case of randomly oriented cracks can be
extended to an arbitrary orientation distribution by means of sec-
ond-rank crack density tensor (n is a unit normal to a crack)
a ¼ 1
V
X
k
a3nn
  kð Þ ð5:10Þ
introduced by Kachanov (1980) who showed that the fourth-rank
tensor b ¼ 1=Vð ÞP a3nnnn  kð Þ is also involved but, in many cases,
its contribution can be neglected.
For a ﬂat (planar) crack, its compliance contribution tensor has
the form
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nBn ð5:11Þ
where symmetric second-rank tensor B relates vector b of the aver-
age displacement discontinuity across the crack to vector r  n
where r is the externally applied stress:
b  uþ  uh i ¼ B  r  n ð5:12Þ
(Note that symmetrization with respect to ij$ kl, i $ j, k $ l to be
imposed on ijkl components of H makes H non-symmetric with re-
spect to j $ k). Three orthogonal principal directions of crack com-
pliance exist: loading in one of them does not generate components
of b in the other two directions. If the matrix is isotropic then n is
one of them and the other two, t and s, lie in the crack plane:
B ¼ BNnnþ Bttt þ Bsss ð5:13Þ
We introduce the average, over in-plane directions, shear crack
compliance BT ¼ Bt þ Bsð Þ=2. For cracks that are tangentially isotro-
pic (Bt ¼ BsÞ we have, with the account of identity I ¼ nnþ tt þ ss,
B ¼ BT I þ BN  BTð Þnn ð5:14Þ
For the circular crack,
BT ¼
32 1 m20
 
a
3pE0 2 m0ð Þ ;
BN
BT
¼ 1 m0=2 ð5:15Þ
Importantly, BT and BN are relatively close (note that they are ex-
actly equal for a 2-D rectilinear crack); it is their difference that
gives rise to the above-mentioned b-term.
Remark. Besides circles, tangential isotropy holds for shapes
having symmetries of equilateral polygons.
In general (tangential isotropy is not assumed), B ¼ BT I
þ BN  BTð Þnnþ Bs  Btð Þ ss ttð Þ=2 and the elastic potential change
due to cracks takes the form (Kachanov, 1992):
Df ¼ 1
2V
r  rð Þ :
X
SBTnnð Þ kð Þ þ 12V r :
X
S BN  BTð Þnnnnð Þ kð Þ :
rþ 1
2V
X
S Bs  Btð Þ r2ns  r2nt
   kð Þ ð5:16Þ
where rns; rnt are shear stresses. The ﬁrst term contains symmetric
second-rank tensor of the a-type, the second term – fourth-rank
tensor of the b-type (i.e. tensor of the structure
P
Cnnnnð Þ kð ÞÞ; these
two terms are similar in structure to corresponding terms for the
circular cracks. The third term vanishes if shape irregularities are
random (uncorrelated with cracks areas and orientations). The
structure of Df then resembles that of circular cracks; if BT and BN
are as close as they are for circles the analogy would be full. Indeed,
computational studies of Grechka et al. (2006) show that, for ‘‘irreg-
ularly’’ shaped cracks, BT and BN are about as close as they are for
the circular cracks. This demonstrates that any distribution of such
cracks is equivalent to certain distribution of the circular ones (pro-
vided shape ‘‘irregularities’’ are random) and justiﬁes the use of
crack density parameters (scalar or tensorial).
The question remains, what the density of this equivalent distri-
bution is. Answering it requires quantitative analyses of various
‘‘irregular’’ shapes. Certain progress has beenmade in this direction.
We mention, in particular, the result of Fabrikant (1989) who
showed that a crack of any convex shape has approximately the
same compliance as the circular crack of radius a ¼ r1 1 where
r is the distance from the centroid to boundary points, and results
of Sevostianov and Kachanov (2002a) on shapes of several speciﬁc
types. These results apply to the normal crack compliance BN; the
above-mentioned computational studies justify their extension to
BT as well.
For non-ﬂat cracks, results of Mear et al. (2007) show that an
equivalent distribution of circular cracks generally does not exist
unless the non-ﬂatness is mild-to-moderate (in which case it canbe neglected). However, such a distribution can still be constructed
as approximation; it can be envisioned as a distribution of small
circular cracks that are tangent to the surface of the non-ﬂat cracks.
This approximation has satisfactory accuracy with the exception of
‘‘wavy’’ shapes with high amplitude-to-wavelength ratio.6. Shape diversity in the context of conductivity and cross-
property connections
Effective conductivity is characterized by second-rank conduc-
tivity tensor K (or resistivity tensor R ¼ K1Þ that, in the case of
isotropy, is proportional to the unit tensor: K ¼ kI. Hence the
shape-related issues are generally simpler as compared to the elas-
tic properties. For any mixture of diverse shapes that has isotropic
conductive properties, the latter are characterized by one scalar k;
it can be matched by a distribution of randomly oriented spheroids
of the same volume fraction and identical aspect ratios, the latter
chosen to match the mentioned scalar (note that spheres would
not be sufﬁcient).
Our analysis is based on the resistivity, HR (or conductivity, HC)
contribution tensors of inhomogeneities (see the Introduction). We
consider pores as perfect insulators; if they have the ellipsoidal
shape, HR is expressed in terms of the second-rank Eshelby’s tensor
for the conductivity problem (see equation ((1.10)). That can be re-
duced to the form (Sevostianov et al., 2006)
HR ¼ 1
k0
A1I þ A2nnð Þ ð6:1Þ
where
A1 ¼ 11 f0 cð Þ ; A2 ¼
1 3f 0 cð Þ
2f 0 cð Þ 1 f0 cð Þ½ 
ð6:2Þ
and where function f0 cð Þ is deﬁned by (5.2).
In general anisotropic cases, four parameters must be matched:
the volume fraction and the three principal values of the conduc-
tivity tensor; this generally cannot be done by identical spheroids
(or even ellipsoids), due to insufﬁcient number of parameters (as-
pect ratios) – even in the simplest case of transverse isotropy (two
principal values coincide).
In the case of isotropy, assuming that distributions over aspect
ratios and orientations are independent,
X
k
HR
kð Þ ¼ 1
k0
X
k
A1 ckð Þ þ 1=3ð Þ
X
k
A2 ckð Þ
 !
I ð6:3Þ
Matching this expression by the one corresponding to N randomly
oriented identical spheroids of aspect ratio c requires that the fol-
lowing condition is met:
1
N
X
k
3f 0 ckð Þ þ 1
6f 0 ckð Þ 1 f0 ckð Þ½ 
¼ 3f 0 cð Þ þ 1
6f 0 cð Þ 1 f0 cð Þ½ 
ð6:4Þ
This non-linear equation for c requires numerical solution for each
particular distribution over aspect ratios in the original mixture of
diverse spheroids.
Implications for cross-property connection. We discuss the effect
of shape diversity in the context of cross-property connections that
relate changes in the elastic and conductive properties due to inho-
mogeneities (see Sevostianov and Kachanov (2002b) and their re-
view of 2008). They were derived for the spheroidal shapes of an
arbitrary orientation distribution, in the non-interaction approxi-
mation (although experimental data show that they continue to
hold for a variety of ‘‘irregular’’ shapes and at high concentrations
of inhomogeneities, since these factors affect both properties in a
similar way).
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two tensors – of the effective stiffness or effective compliance – to
one of the two tensors, of the effective conductivity or the effective
resistivity. If the background matrix is isotropic with respect to
both the elastic and the conductive properties, one of the four
forms is
E0 S  S0
 
¼ a1II þ a2Jð Þ k0tr Rð Þ  3½ 
þ a3 k0R Ið ÞI þ I k0R Ið Þ½ 
þ a4 k0R Ið Þ  J þ J  k0R Ið Þ½  ð6:5Þ
where S  S0 is the change of the effective compliance tensor due to
inhomogeneities, R is the effective resistivity tensor and k0 is the
conductivity of the bulk material. The four factors a14 reﬂect inho-
mogeneity shapes and are given in terms of conductivity related
coefﬁcients a1;2 and elasticity related coefﬁcients b14, as
a1 ¼ b1a2  b3a1ð Þ= a2 a2 þ 3a1ð Þ½ , a2 ¼ b2a2  b4a1ð Þ= a2 a2 þ 3a1ð Þ½ ,
a3 ¼ b3=2a2.
For a mixture of diverse shapes these coefﬁcients are expressed
in terms of the aspect ratio distribution density F cð Þas follows:
ai ¼
Z 1
0
Ai cð ÞF cð Þdc; bi ¼
Z 1
0
Bi cð ÞF cð Þdc ð6:6Þ
Hence, factors in theconnection(6.5)maynot correspond toa-factors
of a spheroid of any speciﬁc aspect ratio. Thus the shape factors in
the cross-property connection reﬂect the distribution over the as-
pect ratios.
Note, however, that the sensitivity of cross-property connec-
tions (6.5) to aspect ratios is generally mild. Moreover, if aspect ra-
tios are not identical but involve some scatter, this sensitivity
becomes even weaker (Sevostianov and Kachanov, 2006) and in
the case of substantial variability of aspect ratios may become neg-
ligible so that factors entering (6.5) may be treated as constant.
Fig. 11 illustrates this statement.
7. Concluding remarks
A mixture of inhomogeneities of diverse shapes cannot gener-
ally be replaced by spheroids of the same volume fraction and
identical aspect ratios as far as their effect on the overall elastic
and conductive properties is concerned – even if the original inho-
mogeneities are spheroids (of diverse aspect ratios). In other
words, the concept of ‘‘average spheroid’ is not legitimate, and its
use may lead to large errors in predicting the effective properties.
The illegitimacy of the ‘‘average spheroid’’ concept implies that
the information on distribution of shapes is necessary – both for
predicting the effective properties and for the cross-property con-
nections. This information has an integral form, such as the one gi-
ven by formulas (6.6). It also represents the maximal possible
information that can be extracted from the effective properties
data.
Two important exceptions, when the concept of ‘‘average spher-
oid’’ is legitimate – both in the context of the elasticity and conduc-
tivity – are:
 Isotropic distribution of diverse spheroids. However, the aspect
ratio of the ‘‘average spheroid’’ is not intuitively obvious – it dif-
fers from arithmetic average of the individual aspect ratios;
 Flat (planar) cracks of ‘‘irregular’’ shapes can be replaced by an
equivalent distribution of the circular cracks (a circle therefore
being the ‘‘average shape’’) provided shape ‘‘irregularities’’ are
random. However, the density of this equivalent distribution
remains an open question unless the compliance contributions
of cracks of ‘‘irregular’’ shapes are estimated (presently, this can
be done only for certain types of shapes).It should also be mentioned that ‘‘irregular’’ (non-ellipsoidal)
shapes of inhomogeneities – and their non-equivalence to ellip-
soids in the context of effective properties – point to insufﬁciency
of Eshelby results for ellipsoids and hence to the necessity of build-
ing a library of compliance/conductivity contribution tensors for
‘‘irregular’’ shapes relevant for speciﬁc applications. Although
some progress has been made in this direction (Sevostianov and
Kachanov (2002a); Sevostianov and Kachanov, 2008; Mear et al.,
2007) this task is far from being complete.
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pore, its approximate representation and averaging over
random orientations
The H-tensor of a spheroidal pore is expressed in terms of
Eshelby tensor (Formula 1.3) that can, in turn, be expressed in
terms of elementary functions of the aspect ratio of the spheroid.
Formula (1.3) involves inversions of a fourth-rank tensor. Analytic
inversion of this kind can be done by representing both the tensor
to be inverted and the result of the inversion in certain ‘‘standard’’
tensor basis (see Kunin (1983) and Walpole (1984)). For trans-
versely isotropic tensors having symmetries of ijkl-components
with respect to i$ j and k$ l (but not necessarily with respect
to ij $ kl having in mind Eshelby tensor), the basis is formed by
six tensors T 1ð Þ; . . . ;T 6ð Þ where
T 1ð Þijkl ¼ hijhkl; T 2ð Þijkl ¼ hikhlj þ hilhkj  hijhkl
 
=2; T 3ð Þijkl ¼ hijmkml;
T 4ð Þijkl ¼ mimjhklT 5ð Þijkl ¼ hikmlmj þ hilmkmj þ hjkmlmi þ hjlmkmi
 
=4;
T 6ð Þijkl ¼ mimjmkml ðA:1Þ
and where hij ¼ dij mimj and m ¼ m1e1 þm2e2 þm3e3 is a unit
vector along the axis of transverse symmetry. For a general trans-
versely isotropic fourth-rank tensor represented in this basis we
have
w1 ¼ W1111 þW1122ð Þ=2; w2 ¼ 2W1212; w3 ¼ W1133; w4 ¼ W3311;
w5 ¼ 4W1313; w5 ¼ 4W1313
ðA:2Þ
Thus, we have the following coefﬁcients hk in the representation
H ¼ VV 1G0
P6
k¼1hkT
kð Þ:
h1¼ j f0 f1ð Þ2 4j1ð Þ 2j f0 f1ð Þ 4j1ð Þf 20
  ; h2¼ 12 1 2jð Þf0jf1½  ;
h3¼h4¼  2jf0 f0þ2jf1ð Þ4 4j1ð Þ 2j f0 f1ð Þ 4j1ð Þf 20
  ;
h5¼ 44 f0þ4jf1½  ; h6¼
4j16jf0þ2j f0 f1ð Þ
4 4j1ð Þ 2j f0 f1ð Þ 4j1ð Þf 20
 
ðA:3Þ
We now apply averaging over orientations, in connection with our
interest in the case of randomly oriented spheroids. Averaging over
orientations of each of the base tensors T 1ð Þ; . . . ;T 6ð Þ and using the
fact that mmh i ¼ 1=3ð ÞI and mmmmh i ¼ 1=15ð Þ I þ 2Jð Þ we obtain
the following expressions for a sum (or average over orientations)
of the H-tensors of spheroids of identical aspect ratios:X
H kð Þ ¼ 3M1 M2=2
G0
1
3
II
 
þM2
G0
J  1
3
II
  
ðA:4Þ
Fig. 11. Sensitivity of shape factors a14 entering cross-property connection (6.5) to pore aspect ratio distributed by the normal law (d) centered at the spherical shape, at
different values of standard deviation r. The case r! 0 corresponds to identical shapes (spheres).
Fig. A.1. Linear relation between factors M1 and M2 entering equation (A.4).
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M1 ¼ 26h1 þ 3h2 þ 28h3 þ 4h5 þ 6h630 ;
M2 ¼ 2h1 þ 11h2  4h3 þ 8h5 þ 2h630
ðA:5Þ
Fig.A.1 shows that M1 and M2 are related by approximately linear
dependence. The accuracy depends on Poisson’s ratio m0 and is gen-
erally good.
This leads to identiﬁcation of the shape factors entering (1.7):
A c; m0ð Þ ¼ 2 1þ m0ð Þ M1 þM2=2ð Þ
B c; m0ð Þ ¼ 2 1þ m0ð Þ1 2m0 3M1 c; m0ð Þ M2 c; m0ð Þ=2ð Þ
C c; m0ð Þ ¼ 2M2 c; m0ð Þ
ðA:6Þ
The H-tensor of a spheroidal pore
H ¼ 1
E0
W1II þW2J|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}isotropic terms þW3 Innþ nnIð Þ

þW4 J  nnþ nn  Jð Þ þW5nnnn ðA:7Þ
allows approximate representation in the form that does not con-
tain the fourth-rank term nnnn (Sevostianov and Kachanov (2002)):
H ¼ 1
E0
B1II þ B2J|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
isotropic terms
þB3 nnI þ Innð Þ þ B4 nn  J þ J  nnð Þ
2
64
3
75 ðA:8Þ
This representation requires that hi-factors obey the relation
h6 þ h1 þ h2=2 2h3  h5 ¼ 0 ðA:9Þ
that, with the exception of a sphere, does not hold exactly. We re-
place tensor H by a ﬁctitious tensor H^ with coefﬁcients h^i obtained
from hi by multiplication of hi by either 1þ dð Þ or 1 dð Þ and choose
d in such a way that condition (A.10) is satisﬁed exactly for h^i:
h^1 ¼ h1 1 d sign h1ð Þ h^3 ¼ h3 1þ d sign h3ð Þ
h^2 ¼ h2 1 d sign h2ð Þ h^5 ¼ h5 1þ d sign h5ð Þ
h^6 ¼ h6 1 d sign h6ð Þ
ðA:10Þ
whered ¼ h6 þ h1 þ h2=2 2h3  h5
h6j j þ h1j j þ h2j j=2þ 2 h3j j þ hj j5
ðA:11Þ
The error of replacing H by H^, estimated by the norm
max
ijkl;Hijkl–0
Hijkl  H^ijkl
 
=Hijkl



 


 equals dj j. Smallness of the norm guaran-
tees that strain responses to all stress states of the actual and of the
ﬁctitious inclusions are close. This yields factors Bi entering the
cross-property connection (6.6):
B1 ¼ E0 h^1  h^2=2
 
; B2 ¼ E0h^2; B3 ¼ E0 2h^3 þ h^2  2h^1
 
;
B4 ¼ E0 h^5  2h^2
 
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